LINEAR ALGEBRA PART II PROBLEMS

Instructor: Girish Varma IIT Hyderabad

1 Linear Algebra Basics

1.1 Boolean Function Spaces

Let IF; be the field of two elements {0,1} where addition is mod 2 and multiplication is
AND. F} is the n dimensional vector space over [F, consisting of n tuples of IF,. Let F be
the set of all functions with domain F} and codomain IF. It is easy to verify that F is a 2"
dimensional vector space over IF, with the natural scalar multiplication and vector addition
( mod 2). Assume n > 2.

a.) For any subset S of {1, ---n}, let PARITY; : F} — [F, € F be defined as:

PARITYs(x) = € x;.
ieS

For S = @, define PARITYs(x) = 1 (constant 1 function). Show that the following set
of 2" parity functions are linearly dependent:

{PARITYs:S C {1,---,n}}

b.) For any subset S of {1,---n}, let ANDg : F} — F, € F be defined as:

ANDg(x) = A x;.
i€S

For S = @, define ANDg(x) = 1 (constant 1 function). Show that the following set of

2" functions forms a basis for F:

{ANDg:S C {1,---,n}}

1.2 Infinite Dimensional Vector Spaces

a.) Consider the set of all functions with domain R and codomain R as a vector space
over R. Define a set of basis functions. Are they countable or uncountable? If so
why?

b.) Consider R as a vector space over the field Q (rational numbers). Is there a basis set

for the above vector space that is countable. (Remember countable and uncountable
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sets from your discrete math course). Explain why?

1.3 Rank over different Fields

Let K, IF be fields such that F C K and the addition, multiplication operations in F is
the same as that in K. For example K can be R and F can be Q (or C,R respectively).
F"*™ is the set of n X m matrices with entries in IF. For any matrix M € F"*", we
can define rank with respect to IF as well as K. The rank with respect to K denoted by
rankg (M) = dim(spany (columns(M))) where spany (S) denotes the vector space spanned
by S by taking linear combinations with scalars from K. Similarly we define ranky(M).

a.) Show that for M € F"*", rankg(M) = rankg (M).

b.) Given a binary matrix M € {0,1}"*", show that rankr (M) > rankg,(M). Note that
addition and multiplication over [F; is different from R. rankg,rankp, are defined
as earlier with the respective definition of addition and multiplication in R,IF; (ie

normal arithmetic and mod 2 arithmetic).

1.4 Help Alice & Bob Communicate

Alice and Bob needs to compute a known function f : {0,1}" x {0,1}" — {0,1}. They
know the function beforehand and can agree upon a plan. Later Bob will go to Mars. Then
both of them will be given some x,y € {0,1}" (not known beforehand) respectively and
Alice will be allowed to sent a message to Bob. Alice will have access to only x, Bob will
have access to only y and they do not know the other persons input. Every bit of message
Alice communicates is expensive. After getting Alice’s message Bob should be able to find
out f(x,y).

Let M € {0,1}*"*%" (binary matrix) be defined as M;; = f(bin(i), bin(j)), where bin(i)
is the n bit binary representation of i (0 < i,j < 2"). Can you design a protocol for them

such that Alice only needs to sent rankp, (M) bits of communication?
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2 Eigenvalues & Diagonalization Assignment 4

2.1 Random Walks submit

Consider an undirected graph G = (V, E) without any isolated vertices, where V is a set of
n nodes and
EC {{ab}:a#bandabecV}

is a set of edges. The random walk matrix of G is a matrix M defined by

where a,b € V and d, = |{{a,b} € E:a € V}|
0 otherwise

1/dy if {a,b} € E
Mu,b - {

dy is called the degree of the vertex b.

a.) Show that if A is a real eigenvalue (€ R) of M then —1 < A < 1.
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b.) Show that the column vector v defined by v, = d,/ (Y ,cy dp), Va € V is an eigenvector
of M with eigenvalue 1. That is Mv = v, for any graph G.

c.) Show that the maximal number of linearly independent eigenvectors with eigenvalue
1 is equal to the number of connected components in G.

d.) Show that —1 is an eigenvalue of M if and only if G is a bipartite graph.

'suo1ysanb
00y 3sv] ayp 40f Ajagvavdas SHT <= SHY puv SHY <= SHT #vyi moys o3 Ail ¢ yuryg

2.2 Polynomials submit

Let P, be the set of polynomials (on one variable) of degree less than n. As you know
p € Py, can be written as a linear combination of the standard monomial basis as follows

p= Zg;é pax?, where p,’s are coordinates with respect to this basis.

a.) For any polynomial g4 € P, (having coordinates g, - - - 4,1 in standard monomial
basis), define the function T, : P, — P2,_1, which maps p — g X p (ie. polynomial
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b.)

2.3

b.)

multiplication). Is Tj a linear transformation? If so what is the matrix of the transfor-
mation in the standard monomial basis ie {1, x, x2,x3,. - ,x”_l}? Give the formula

for each entry of the matrix for general 7, in the standard monomial basis.

Let n = 4. Consider the change of basis, which maps the dth standard basis to the
column vector [1,wd, w4, w3’d], where w = ¢ ¥ (a complex number; i = v/ —1). What
is the matrix of T, with respect to this basis? What is the change of basis matrix for

changing coordinates from this new basis back to the standard monomial basis?

Invarience of Eigenvalues submit

Let M € R"*". We can define eigenvalues from the left and the right as follows. A
is left eigenvalue of M iff there exists a nonzero row vector v, such that vM = Av.
Similarly A is a right eigenvalue of M iff there exists a nonzero column vector v, such
that Mo = Av.

* Show that the set of left eigenvalues and right eigenvalues of any matrix are
equal.
¢ Are the left and right eigenvectors (similarly defined) the same (by taking trans-

pose)?

Let M, M’ be matrices corresponding to the same linear operator T : V. — V (V is
a n dimensional vector space over some field) with respect to different basis. Also

assume that T is a rank n operator and M has n eigenvalues Ay, --- , Ay.

e Show that set of eigenvalues of M is equal to the set of eigenvalues of M'.
e Show that det(M) = det(M") =TT A;.

* Define trace of a matrix, as the sum of diagonal entries. ie trace(M) = ¥y Mj;.
Show that trace(M) = trace(M') = Y/ ; A;.
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3 Norms & Inner products Assignment 5

3.1 An Orthonomal Basis for Boolean Functions

Consider the set of functions with domain {+1, —1}" and range R. Observe that it is a

vector space over R of dimension 2". Consider the inner product and norm defined by

F9)=5 ¥ S ad f] =50

xe{+1,-1}"

a.) Define the following set of functions,

{Xs}scqi...y ~ where  xs(x)=]]x
ieS

For S = @, xs is the constant 1 function. Show that these functions form an orthonor-
mal basis under the inner product defined.

b.) Let f be any function in this space with range {41, —1} such that

f= Z J?SXS where VSQ{l,---,Tl},fSEIR
52{1,...,,1}

That is (fg)sg (1, n} are the coordinates with respect to the xs basis. Show that

Y, (fof=1
SC{1, n}
3.2
Question 5, Review Problems 14.7, page 274 in
[CDTW].
3-3
Question 14, Review Problems 14.7, page 276 in
[CDTW].

There is a typo in the question. V = Span{sin(t), sin(2t), sin(3t), sin(4t) }.

©@®O


https://www.math.ucdavis.edu/~linear/linear-guest.pdf
https://www.math.ucdavis.edu/~linear/linear-guest.pdf
https://creativecommons.org/licenses/by-sa/4.0/

4 Deep Quiz 2

4.1 Fixed Points

Let M be a matrix given by
3 2 5 4
23 4 5

x(0
( )> , we can create an infinite sequence of vectors v(1),v(2), - - -

Given any vector v(0) = (
y(0)

by using the rule
v(t+1) = Mo(t) for all natural numbers ¢

a.) Find all vectors v(0) such that

b.) Find all vectors v(0), such that v(0),v(1),v(2),v(3), - -, belongs to a 1 dimensional
subspace.

4.2 Commuting Matrices

Let A, B be commuting matrices of dimension n X n (ie AB = BA) and suppose A is
diagonalizable with 7 distinct eigenvalues.

a.) Show that of v is an eigenvector of A with eigenvalue A, then Bv is also an eigenvector
of A with eigenvalue A.

b.) Show that if v is an eigenvector of A, the v is also an eigenvector of B. Should the

eigenvalues be the same?

c.) Explain why the above implies that there is a single change of basis such that A, B are
both diagonal in the same basis.

4.3 Decomposition

a.) Let Q be an n x n orthonormal matrix (columns form an orthonormal basis). For any
vectors v, u € R"”, show that

u-v=(Qu)-(Qo) (dot product)

©@®O


https://creativecommons.org/licenses/by-sa/4.0/

b.) Let {uq,- - u,} be column vectors € R” (ie n x 1 dimensional) that are orthonormal.
Suppose M € R"*" (n x n dimensional matrix) defined by:

n
M = Z zxiuiuiT where «; are scalars.
i=1

Note that u;u] are n x n dimensional. What are the eigenvectors and eigenvalues of

M? (need to explain why)
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5 Spectral & SV Decomposition’s Assignment 6

5.1 An Equivalence

Let M € R"*" be a symmetric matrix. Show that the following statements are equivalent:
e Vo € R", v Mo > 0.
* All eigenvalues of M are > 0.

e 3B c R"™*" M = BTB

(1) < (¢) < (2) < (1) Suwmoys sv
awws ayy s1'(g) < (7) <= (1) ‘a1 spuawavys aaayy Avs Jo aouappainba Suimoys € yury

5.2
Question 3 in Review Problems 15.1 in [CDTW].
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6 Deep Quiz 3

6.1

Suppose uy,---,u; € R" be orthonormal vectors. They can be considered as column

vectors with dimension n x 1 naturally. Show that

where [ is the n X n identity matrix.

6.2

Suppose A,B € R"*" such that AB = BA and A, B be diagonalizable matrices with n
distinct eigenvalues Ay, ..., A, and 73, ..., vy, respectively. Show that the eigenvalues of the
matrix AZ 4+ AB + B? are

M+ M) T Yoqy A+ A2%0@) + Vowy 0 AnF AnYotm) F Vo

where o is a permutation of {1,...,n} (a one-one, onto function, with same domain

and range).

6.3

Suppose U be an n dimensional vector space and let V, W be subspaces of U such that
U =V @ W. Let V' be another subspace of U such that dim(V’) > dim(V). Show that the

set V' N W has a nonzero vector.
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